Abstract. In the case of the quantum generalization of random processes with the Hurst index H = 1/2, expression for the quantum Hermitian generator of translations and its eigenfunctions are proposed. The normalization constant has been determined and its relation to the operator of momentum is shown. The interrelation between the momentum and the wave number has been generalized for the processes with a non-integer dimensionality α.
Introduction
The physical basis for the existence of quantum mechanics comprises a series of phenomena described by the mathematical theory of the Wienerian processes.
The non-Markovian stochastic process is a natural generalization of the Brownian motion or the Wiener stochastic process [1] . The foundation for this generalization is the theory of stable probability distributions developed by Lévy [2] . The most fundamental property of such distributions is the stability in respect to addition, in accordance with the generalized central limit theorem. Thus, from the probability theory point of view, the stable probability law is a generalization of the well-known Gaussian law. The nonMarkovian processes are characterized by the Hurst index H, which takes values 0 < H < 1. At H = 1/2 we have the Gaussian process or the process of the Brownian motion. The non-Markovian stochastic process with stable Lévy distributions is widely used to model a variety processes such as anomalous diffusion [3] , turbulence [4] , chaotic dynamics [5] , plasma physics [6] , financial dynamics [7] , biology and physiology [8] (for recent references see e.g. [9] [10] [11] ).
The constantly increasing number of experimental facts in various fields of knowledge related to classical non-Wienerian processes evokes a natural desire to "close" the commutative diagram shown in Fig. 1 . and, at least formally, to consider the possible existence of a quantum analogue of a more narrow class of phenomena related to Lévy processes, the so-called fractional quantum mechanics (FQM) [12] [13] [14] . Unfortunately, these works are not aimed at a thorough analysis of the properties of the quantum operator of momentum. The lack of such analysis results in some accuracies of even gross blunders while formulating FQM (see Conclusions).
The present note offers a brief discussion of one of the crucial issues related to FQM, which is the one-dimensional operator of momentum.
Like in usual quantum mechanics (QM), one-dimensional problems are a kind of excess idealization. Nevertheless, they may be used for elucidating the fundamental features of FQM. One-dimensional problems arise while considering the three-dimensional evolutionary equation in which the interaction potential depends on a single coordinate. This fact allows, with the aid of a corresponding factorization, to move to a simpler one-dimensional evolutionary equation.
The purpose of this paper is formulation in the explicit form quantum expression of the one-dimensional operator of momentum for the fractional probability processes with a non-integer dimensionality α and the investigation of the interrelation between the quantum generator of translations and the operator of momentum.
Fractional quantum operator of momentum
The classical definition of momentum in QM follows from the invariance of the Hamiltonian of the quantum systemĤ with respect to the infinitesimal displacements δx [15, 16] . Under such transformation, the wave function ψ(x) turns into the function
here ∂ x is the differentiation operator over the space variable x.
However, it may turn out that ∂ x ψ does not exist, but there exists the so-called fractional derivative ∂ α x ψ in which the order of the derivative α may be both an integer and a fractional number. For the function determined on the whole real axis R, the right and left derivatives of the order α are derived as
where [α] and {α} are the integer and the fractional parts of the parameter α. For the bilateral derivatives to exist, it is sufficient that ψ(x) ∈ C [α] (Ω), where C [α] (Ω) is a set of continuously differentiated functions of the order [α] determined on the domain Ω [17] .
Another peculiarity related to the operator of momentum is the expansion of the wave-function ψ(x) into a Taylor series by fractional powers [18, 19] 
where c
are numerical coefficients and R n (x) is the residual term, which provides a better approach to the initial function. In all such cases, determination of the quantum operator of momentum should be specified.
It is reasonable to suppose that the momentum operator should be proportional to the fractional derivative:
here C is a certain coefficient of proportionality. For α → 0, we must obtain a usual quantum operator of momentum,p = −ih∂ x . Thus, in FMQ we always deal with two kinds of limit transitions: 1)h → 0, when we shift to classical mechanics, and 2) α → 0, when we turn to usual QM (see Fig. 1 ). The kind of the coefficient C in the expression for the momentum (4) is best defined if on the whole real axis we consider a flat wave of the form
thereh is the Planck constant and l 0 is a certain peculiar scale of the length of the nonlocal process under consideration. Let us impose a requirement for the momentum operator (4) to obey the eigenvalue equationpψ = pψ. Applying the property of the fractional derivatives, ∂ α + e κx = κ α e κx (Re κ > 0), we obtain that
For the values observed in QM to be real, the corresponding operators should be Hermitian. It is easy to see that the quantum operator of momentum (4) with the constant C from (6) is non-Hermitian. In order to obtain a Hermitian operator of momentum, to the type (4) operator we will add a Hermite-conjugated operatorp + ; then, the momentum operator determined in this wayp
here ∼ is the symbol of transposition, will be clearly Hermitian. Indeed, the momentum operator (7)p = (p + +p − )/2 will be Hermitian because of the idempotency of the operation of Hermitian conjugation ((p + ) + =p) and the structure of the operator itself p − = (p + ) + . On the other hand, employing the rule of fractional integration by parts,
we directly see that the momentum operator is Hermitian for the different functions of state ϕ and ψ. Thus, we obtain that the operator (7) is Hermitian and its eigenvalues on the whole real axis are flat waves of the (5) type. Like in the classical case, the eigenvalues of the momentum operator do not belong to the class L 2 (R). Therefore, they don't describe the physically realizable states of the quantum particle. These eigenfunctions should be regarded as the basic functions, which comprise the complete system of functions.
Wave function normalization
To determine the constant normalization A in the expression for the flat wave (5), we will take that
This is a particular case of the conventional condition ψ p ψ p dx = δ(p − p) for p ≡ 0. Using the property of the δ-function, we shall obtain that
Let us specify the peculiarities of such normalization. Firstly, generally speaking, the amplitude is a complex magnitude; secondly, it depends on the eigenvalue of the momentum p . Only when α → 1, as the case should be, A → 1/ √ 2πh . Inasmuch as the physical sense applies not to the amplitude itself but to |A| 2 , the complex nature of A does not contradict unitarity. However, because of the complex nature of the amplitude we may get an impression that we deal with a damping wave; however, actually there is no damping, because A = A(x, t). Besides, the same conclusion results from analysis of the dispersion expression of the corresponding Hamiltonian. The dependence A = A(p) is not a matter of principle and may be avoided by a suitable choice of the normalization condition. For instance, under condition
the dependence A(p) is absent. Another important circumstance should be noted as regards the type of the momentum operator. Transition to momentum representation is not a Fourier transformation. Momentum representation should be understood in the sense of f -representation:
Translation operator
Lastly, let us derive the formula to express, through the momentum operator p, the parallel translation operator in space to any finite (not only infinitesimal) distance. From the definition of such an operator it follows:
In this case, a and b denote the values of finite displacements but not the coordinate ends of the interval. Expanding the function ψ(x − a) in the neighbourhood of the point x into a Taylor series by fractional powers as in (3) and employing the expression for the "right-hand" and "left-hand" parts of the momentum operator,
we obtain thatT
where E z µ is the generalized exponential function. These are exactly the finite displacement operators we have been searching for.
For α → 1, forT α a+ we obtain that
The expressionT α b− could be obtain by substituting in equation (16) 
Conclusions
Note that the classical restriction on the smoothness of the wave function ψ(x) ∈ C 2 ([a, b]) does not hold here. The restriction on ψ(x) follows from the continuity equation; however, in the case of fractional dimension we can show that the condition of continuity is changed, and the limitation on ψ(x) is reduced to ψ(x) ∈ C [α] ([a, b] ). Another note pertains to the structure of the momentum operator. It seems highly significant that the momentum operator consists of two partsthe right and left displacements. In classical fractional mechanics, it is quite possible to limit ourselves to one of these two components -p + orp − . In the quantum case it is impossible, because the full operator of momentum is a Hermitian.
The limit transitionh → 0 for {α} = 0 means transition to classical fractional mechanics. However, the form of the momentum operator undergoes no qualitative change:p = The appearance of the characteristic length scale of l 0 and the power dependence of the quantum particle momentum on the wave number directly indicate the fractional character of quantum mechanics.
Thus we have the Hermitian quantum operator of momentum (7) with the eigenfunctions (5). This allows us to construct the quadratic form of the HamiltonianĤ ∝p 2 instead of the power formĤ ∝ D α |p | α , and the Hermitian Hamiltonian instead of non-Hermitian proposed in [12, 13] , and the unitarian Hamiltonian instead of non-unitarian proposed in [14] .
